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Abstract. Let g be a simple Lie algebra defined over an algebraically closed field k of characteristic 
p. Fix an integer r > 1 and suppose that Vi, . . . ,Vr are irreducible closed subvarieties of g. Let 
C{Vi, . . . , Vr) be the closed variety of all the pairwise commuting elements in x ■ ■ ■ x Vr. This 
paper is aimed to study the dimension and irreducibility of the variety C{Vi, . . . , Vr) with various 
Vi's in a Lie algebra g and show its applications to representation theory. In particular, we first 
show that the variety Cr (zsub), where Zsuh is the centralizer of a subregular element in s[„, is a direct 
product of an affine space and a determinantal variety. This result is applied to give an alternative 
computation for the dimensions of Crisis) and Crigl^)- Next we calculate the dimension of every 
mixed commuting variety over Osub, M and SI3 and determine whether it is irreducible or not. 
Finally, we apply our calculations to study properties of support varieties for a simple module of 
the r-th Frobenius kernels of SL3. 

1. Introduction 

1.1. Let k be an algebraically closed field of characteristic p (possibly p = 0). Suppose g is a 
simple Lie algebra defined over k. For each r > 2, let Vi, . . . ,Vr be irreducible closed subvarieties 
of a Lie algebra g. Define 

C{Vi,...,Vr) = {{vi,...,Vr) £ViX---xVr\ [vi,Vj] = , I < i < j < r} , 

a mixed commuting variety over Vi, . . . , V^. Note that if Vi = • • • = Vr, then this variety becomes 
Cr{Vi), the commuting variety of r-tuples. Mixed commuting varieties of two tuples was first 
introduced in \Yas\ 9.4], the r-tuple version was defined and studied in In particular, the 
author explicitly describe the irreducible decomposition for any mixed commuting variety over sl2 
and its nullcone M. The result also implies that such varieties are mostly not Cohen-Macaulay or 
normal. 

In general, mixed commuting varieties are still mysterious. Interesting questions include 

(1) What is the dimension of Cr{Vi, . . . ,Vr)'! 

(2) What are the irreducible components of Cr{Vi, . . . ,Vr)7 

The results in this paper were motivated by investigating the cohomology for Frobenius kernels 
of algebraic groups. The first connection between commuting varieties and support varieties in 
cohomology of Frobenius kernels was constructed by Suslin, Friedlander, and Bendel in their two 
papers [SFBH ISFB2| . To be precise, let G be an algebraic group defined over k, and let Gr 
be the r-th Frobenius kernel of G. Then there is a homeomorphism between the maximal ideal 
spectrum of the cohomology ring for Gr and the nilpotent commuting variety over the Lie algebra 
Q =Lie(G) whenever the characteristic p is large enough. This variety is also the ambient space 
for support varieties of the r-th Frobenius kernels of G. In the case r = 1, these support varieties 
for modules L{X) and H*^(A) are explicitly described by the work Drupieski, Nakano, Parshall, 
and Vella |NP V] [DNP] . Sobaje uses these desriptions to compute the support varieties of L(A) 
for higher r |Soj . Our study on mixed commuting varieties is inspired from results in this paper 
\So\ Theorems 3.1, 3.2]. Most of our calculations about mixed commuting varieties are in the case 
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Q = sl^. More explicitly, we first study the dimensions of the commuting varieties over ^[3, sl^. 
These are not new results, however we use a new method to tackle the problem. Our approaching 
does not depend on the irreducibility of Cr{Ql^)- On the other hand, we investigate the dimension 
and reducibility of mixed commuting varieties over Osubi A/" and 5(3. Our results indicates that 
these mixed commuting varieties are mostly not irreducible. Hence, they are rarely normal. 

1.2. Main results. The paper is organized as follows. We first review terminology and notation in 
Section[2l Then in Section[3l we study the properties of Cr{zsuh)- In particular, let g = sin and p \ n 
then we prove that for every r > 1, Cr-(2;sub) is a product of an affine space of dimension (n — 2)r 
with a determinantal variety generated by all 2 x 2-minors over a (3 x r)-matix of indeterminants; 
hence it is normal and Cohen-Macaulay (cf. Theorem I3.1.ip . Next, we apply our calculations to 
compute the dimensions of Crisla) and Crisl^)- Notice that the latter variety was proved to be 
irreducible by Kirillov and Neretin [KNj . see also |Guj : hence the dimension easily follows. Our 
method does not depend on the irreducibility of this variety. We also emphasize the impact of the 
characteristic p, i.e. p \ n, on the commuting variety Crisis) (cf. Remark l3.2.3p . 

In Section m we investigate mixed commuting varieties over Ogub) and sl^. Our key ingredient 
is determinantal varieties over certain matrices. In particular, by analyzing the intersections Zguh H 
Csub and Zsub H J\f, we reduce to the problem of computing the dimension of the varieties generated 
by 2-minors of the following matrix of indeterminants 

yi ■■■ Vj Vj+i ■■■ Vj+m 

• • • Zi ■ ■ ■ Zm 

By checking all possibilities, we figure out the dimension formula for these varieties depending on 
parameters i,j,m (cf. Theorem I4.3.4p . This observation implies the dimension formula for mixed 
commuting varieties. Moreover, we are able to determine whether a mixed commuting variety is 
irreducible or not (cf . Theorems 14.4.11 and I4.4.3P . 

In the last section, we use results in the previous section to compute the dimension of support 
varieties of Frobenius kernels for a simple module L{X) with p > 6. In particular, let G = SL^ and 
A G X+. Suppose that 

A = Ao + Aip + • • • + Xgp'^ 
with Xi £ Xi. We compute the dimension of the support variety Vo^{L{X)) as follows. 

■26a + 4 ifaA = 0, 

2(aA + bx) + 3 if ax = 1, 
2{ax + bx) + 2 ifaA>l. 

where ax,b\ be the number of singular weights and regular weights respectively in {Ai, . . . , Ag}. 
We further show that Vg'^(L(A)) is always reducible unless every Aj is regular (cf. Theorems 15.1.31 
andEXH). 

2. Notation 

2.1. Root systems and combinatorics. Let k be an algebraically closed field of characteristic 
p. Let G be a simple, simply-connected algebraic group over k, defined and split over the prime 
field ¥p. Fix a maximal torus T C G, also split over Fp, and let <I> be the root system of T in G. 
Fix a set n = {ai, . . . ,Qn} of simple roots in <I>, and let be the corresponding set of positive 
roots. Let B <^ G he the Borel subgroup of G containing T and corresponding to the set of negative 
roots and let U B be the unipotent radical of B. Set q = Lie(G), the Lie algebra of G, 
b = Ue{B), u = Lie(;7). 

Let X be the weight lattice of Write X^ for the set of dominant weights in X, and Xr for 
the set of ^''-restricted dominant weights in X^. Given A G X^, let L{X) be the simple rational 
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G-module of highest weight A. For each r > 1, let -F*" : G — ?■ G be the r-th iterate Frobenius 
morphism of G. We cah Gr = ker Fr the r-Frobenius kernel of G. 

2.2. Nilpotent orbits. Given a G-variety V and a point v of V, we denote by the G-orbit 
of V (i.e., = G ■ v). For example, consider the nilpotent cone of g as a G-variety with the 
adjoint action. There are well-known orbits: O^eg = G ■ WregjCsubreg = G • Wsubreg; (we abbreviate 
it by OsubO and Omin = G 

■ ''^min where freg; I'subreg; and fmin are representatives for the regular, 
subregular, and minimal orbits. Denote by z{v) the centralizer of v in g. For convenience, we write 

Zreg ("Zsub and Zmin) for the centralizers of Vreg {Vsuh or Vmin)- 

2.3. Basic algebraic geometry conventions. Let i? be a commutative Noetherian ring with 
identity. We use i?red to denote the reduced ring R/\/0 where \/0 is the radical ideal of the trivial 
ideal 0, which consists of all nilpotent elements of R. Let Spec R be the spectrum of all prime 
ideals of R. If F is a closed subvariety of an affine space A", we denote by I{V) the radical ideal of 
A; [A"] = k[xi, . . . ,Xn] associated to this variety. Let X be an affine variety. Then we always write 
k[X] for the coordinate ring of X which is the same as the ring of global sections OxiX). 

2.4. Commutative algebra. Consider an m x n matrix 



whose entries are independent indeterminates over the field k. Let k{X) be the polynomial ring 
over all the indeterminates of X, and let It{X) be the ideal in k{X) generated by all t-minors of 
X. For each t > 1, the ring 



is called a determinantal ring. The following is one of the nice properties of determinantal rings. 

Proposition 2.4.1. [BVJ For every 1 < t < min(m,n), Rt{X) is a reduced, Cohen- Macaulay, 
normal domain of dimension {t — l)(m + n — t + 1). 

We denote by Dt{X) the determinantal variety defined by It{X). 



Let g = 5[„. It is easy to see that Gr.(2;i.eg) = -zJeg every r > 1. We study in this section the 
variety Cr{zsnh)- Then we apply our calculations to compute the dimensions of Cr{5iz) and Gr.(gl3) 
for each r > 1. 

3.1. Nice properties of Gr(2;sub)' 

Theorem 3.1.1. For each r > 1, the variety Gr(zsub) is irreducible, Cohen- Macaulay and normal. 
Moreover, we have 
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Proof. Without loss of generality, let Vsub be the Jordan matrix corresponding to the partition 
[n — 1, 1]. Then an element u of Zsub is of the form 





ai 

02 



«n-l 

b 



ai 







02 



ai 










c 



(1 - n)ai I 



By using the multiplication of matrices by blocks, we obtain for any pair u, v! in Zgub 



[n, n'] 








dd - be' 
\ n{ha'i — aib') 
















n{aic' 







If p does not divide n, the defining polynomials of the commutator are aic' — a'^c, c6' — 6c', and 
ba'i — b'ai. This implies that the variety Cr(-Zsub) is defined by the collection of polynomials {xiyj — 
XjUi , HiZj — i/jZi, XiZj — XjZi \ 1 < i < j < r} in k[xi,yi, Zi \ 1 < i < r]. So we can identify Cr(zsub) 
with the determinantal variety D2{X) where X is the matrix 





( Xl 


X2 






yi 


y2 


■ ■ Vr 




{ -1 


Z2 


■ ■ Zr 



This identification implies the following isomorphism of varieties 

a(^sub)=I)2(X)xA("-2)^ 

On the other hand, if p divides n, then the commutator is defined by cb' — c'b. This gives us the 
following 

a(^sub) = D2{Y) X A("-i)^ 
where Y is the matrix of indeterminates defined by 



Y 



Xl X2 

yi y2 



yr 



Hence D2(Y) is of dimension r + 1 and so we obtain dimCr.(2;sub) = {n 
Other results immediately follow from Proposition 12.4.11 



l)r + r + 1 



nr + 1. 

□ 



Remark 3.1.2. This decomposition of Cr{zsuh) is compatible with the result of Neubauer and 
Sethuraman on commuting pairs in the centralizers of 2-regular matrices when r = 2 ^NSj. This 
result can not be generalized to the centralizer of arbitrary nilpotent element. In particular, there 
is a nilpotent element e in g such that C2{z{e)) is reducible (hence so is Cr{z{e))) |Yal| . 

3.2. Application. Suppose g is an arbitrary simple Lie algebra. We first study a connection 
between the dimension of the commuting variety Cr{Q) and that of a certain mixed commuting 
variety. 

Define a mixed commuting variety by 

C{J\f,Q''-^) = {{vi,. ..,Vr)eJ\fx g^'-i I [vi,Vj] = with l<i<j<r}, 
which is a subvariety of Cris) with nilpotency condition for the first factor. Note that 
(1) dimC,(0) < dimC(AA,0'-i) + rank(0). 
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Hence, the dimension of C(A^, g''"^) gives an upper bound of dim.Cr{Q)- Note also that in the case 
r = 2, Baranovsky used this variety to compute the dimension of C2(AA), [Ba| Theorem 2]. Assume 
in this subsection that p / 3. We aim to compute the dimensions of Crisis) and Cridi^)- We begin 
with a lemma. 

Theorem 3.2.1. For each r > 2, we have dimC{J\f ,5i'^^^) = 2r + 4 and dimCr.(s[3) = 2r + 6. 

Proof. As Crisis) contains a component G ■ f, where t is a Cartan subalgebra of sis. It is easy to 
see that the dimension of this component is 2r + 6. So it suffices to show that dim Crisis) < 2r + 6. 
We process by induction and assume that dimCr-_i(s[3) < 2(r — 1) + 6 = 2r + 4. As A/" contains 
three nilpotent orbits: OregjCsub; 0, we have the following decomposition 

(2) CiJ\f,sff^) = G ■ iVreg, Zreg, Zreg) U G ■ (Usub, C,._i(Zsub)) U X Cr-lisis)- 

in which the dimension of each component is given as follows: 

dim G ■ (t'reg) Zj-eg, . . . , Zreg) = dim G ■ Ureg + dim Zjgg^ = 6 + 2(r — 1) = 2r + 4, 

dimG • (usub, Cr-iizsnh)) = dimG • Vsuh + dim Cr-i(zsub) = 4 + 2(r - 1) + 2 = 2r + 4 

where dimCr._i(2:sub) = 2(r — 1) + 2 by Theorem 13. 1.11 So the dimension of CiM,si'^^^) is 2r + 4, 
which confirms the first statement. Then the inequality ([1]) implies that 

dimC,.(s[3) < 2r + 4 + ranks[3 = 2r + 6 

which completes our proof. □ 

Corollary 3.2.2. For each r > 2, we have dimCr(g[3) = 3r + 6. 

Proof. It follows from Theorem 13.2.11 and [N, Theorem 4.2.1]. □ 

Remark 3.2.3. Note first that our computation does not reply on the irreducibility of CriQis) for 
each r > 1. In the case p = 3, Remark 13.1.21 shows that (SI3) is of dimension at least 3r + 2. This 
shows that Crisis) is reducible when r > 4. 



4. Mixed Commuting Varieties 

We apply in this section a new technique to compute the dimension of mixed commuting varieties 
over various closed sets in s[3. Our calculations are based on the dimension for a certain class of 
varieties defined by minors of a matrix of indeterminates. 

To begin we set 

Ci,j,m = Ci Psnh, ■ -J , 0sub ) AA, . ,Af^ , 5ls, ■ -j ,sls ). 

i times j times m times 

Our goal is to compute the dimension of Ci,j^rn for every non-negative integers i,j,m. 

4.1. Note that we have known dimdj^rn in the following cases: 

• If i = J = then dim Cij^rn = dim Cmisis) = 2m + 6, 

• If i = m = then dimCij^m = dimCj(AA) = 2j + 4, 

• If J = m = then dim Cij^m = dimCj(Osub) = 2i + 2 

by Theorem 13.2.11 and [N] Theorems 7.1.2 and 7.2.3]. When i = 0, the dimension of Cij^m can be 
easily computed as follows. 

Proposition 4.1.1. For j,m > 1, we have dimCoj,m = 2(j + ?7i) + 4. Therefore, the variety Coj^m 
is never irreducible. 
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Proof. Observe that 

dimCj+m{^) < dimCoj,m < dim ^(AA, 5^3+'""^). 

From earlier we have 

2(j + m) + 4 < dim Cq „ < 2(j + m) + 4. 

This gives us the dimension of Coj,m- It indicates that Cj+m(AA) is a proper irreducible component 
of C'o,j,m- Hence, the reducibility of Co,j,m is proved. □ 

4.2. Fix fsub) the canonical Jordan block matrix corresponding to the partition [2, 1] of 3. Then 
the centralizer of Vgnh in sla is 

' ' X 

y X t \ \ x,y, z,t £ k 
z -2x 



We recall results in [N] on the intersections of Zsub with C?sub or N respectively which play important 
roles in our calculations. 

Proposition 4.2.1. [N, Lemma 7.2.2] There are identities 

r/0 o\ 

^subnAA= { \ y t I y,z,t e k 



-^-sub 1^ ^sub 

















y 





















Moreover, if u,v £ ViL) V2 then 

[u,v] = <^ u,v G Vi or u,v £ V2. 

4.3. Some results in determinantal varieties. Before investigating the dimension of the mixed 
commuting variety Cij^m, we need to prove some results related to dimensions of determinantal 
varieties. 

Lemma 4.3.1. Let X he the matrix of indeterminants 

X\ * * * X-i Xij^\ • • • Xi-\-j 

••• yi ■■■ yj 

Then the dimension of V{l2{X)) is j + 1 if i = and i + j otherwise. 

Proof. It is easy to see that if i = 0, then dimy(/2(^)) = i + 1 by Proposition 12.4. Tl Otherwise, 
we note that 

l2{X)=l2{X') + {y[,...,y'^ 

where 

j^l / ' ' ' Xi XiJ^\ • • • Xi-\.j 

~ \y'i ■■■ y'i yi ■■■ yj 

As the ideal hiX') is prime and y'^ does not belong to l2{X'), we have 

dimy(/2(A:)) < dimy(/2(A:')) -l = i + j. 

On the other hand, since V{l2iX)) contains an affine space of dimension i + j, we must have 
dimVil2iX)) = i + j. □ 
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Lemma 4.3.2. Let Y be the matrix of indeterminants 



Xl ■ ■ 


Xi 


Xi+l ■ ■ 


Xi+j 


yi ■ ■ 


■ Vi 


Vi+i ■ ■ 


■ Vi+j 


•• 


■ 


Zi 


■ 



Xl ■ ■ 


Xi 


Xi- 


hi • 


Xi+j 


Vi ■ ■ 


■ Vi 




-1 • 


■ ■ Vi+j 


Zi ■ ■ 


■ Zi 




-1 • 


Zi+j 




Then the dimension of V{l2{Y)) is j + 2 if i = and i + j + 1 otherwise. 
Proof. The case i = follows immediately by Proposition 12.4.11 Suppose i > 0, we have 

dimVihiY')) = i + j + l< dimVihiY)) < dimVihiY")) - 1 
where Y' and Y" are the following matrices 

X\ ' ' ' Xi Xi+\ ' ' ' Xi+j 

yi ■■■ yi yi+i ■■■ yi+j 

The later inequality is because of the irreducibility of V{l2{Y")) and hiY") + {zi, . . . , Zi) C I2{Y). 
Since dimy(/2(^")) = ^ + J + 2, we get the desired result. □ 

In general, we can prove the following. 

Proposition 4.3.3. Let Zij^m be the matrix of indeterminants 

Xi Xi+l • • • Xi+j Xi+j + l 

■■■ yi ■■■ Vj Vj+i 
•••0 ••• zi 

Let J = /2(-^i,j,m)- Then we have 

(a) If m > 0,i = 0,j = then dim V{J) = m + 2 

(b) lfm = 0,i = 0,j>l then dim V{.J) = j + 1 

(c) If m = 0,i > 1, j > 1 then dim V{ J) = i + j 

(d) If m > 0,i = 0,j > then dim V{J) = m + j + 1 

(e) If m > 0,i = l,j = then dim V{J) = m + 2 

(f) If m > 0,i > l,j > 1 then dim V{J) = i + j + m 

(g) If m > 0,i > 2,j > then dim V{J) = i + j + m. 

Proof. Parts (a), (b), (c), and (d) are easily follows from Proposition 12.4.1] and Lemmas 14.3.11 and 

(e) Checking the possibilities of xi (whether it is or not), we can decompose V{J) into the 
union of the affine space of dimension m + 1 (corresponding to the coordinate ring k[xi, . . . , Xm+i]) 
and determinantal variety F(/2(-^o,o,m)) of dimension m + 2; so the result follows. 

(f) We first consider the case i = 1, j = 1. Analyzing xi as earlier, we have a decomposition 
of V{J) as a union of the affine sapce of dimension m + 2 (corresponding to the coordinate ring 
k[xi, . . . ,Xm+2]) and the variety l^(/2('^o,i,m)) which is of dimension m + 2 by Lemma [4.3.21 So 
dimy(J) = m + 2. 

Now suppose that i,j > 1. Then note that V{J) C V{l2{Zi^i^i+j+m-2)) which implies that 
dim V{J) < i + j + m by the previous case. As V{J) contains the affine space corresponding to the 
coordinate ring k[xi, . . . , Xi+j+m], we obtain that dim V{J) = i + j + m. 

(g) Similar to the previous part, we have V{.J) C y(/2(.^j-ij+i,m)) so that dimV{.J) = i+j + m 
for the same reason as above. □ 

Remark 4.3.4. Let no,?^l be respectively the numbers of rows and columns containing zeros of 
Zi,j,m- Then we set Nij^m = min(no,rei). Observe that Nij^^ = 0, 1 or 2. Moreover, we have 
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• ^i,j,m = Condition in part (a), 

• ^i,j,m = 1 Conditions in (b), (d), and (e), 

• ^i,j,m = 2 Conditions in (c), (f), and (g). 
Hence Proposition 14.3.31 can be rewritten as follows. 

Theorem 4.3.5. Let Zi^j^m be the matrix of indeterminants 

Xi 2^1-4-1 ■ ■ ■ XiJ^j Xi-f-j-f-i ■ ■ ■ Xi-i^jj^jYi 

■■■ yi ■■■ yj yj+i ■■■ yj+m 

• • • • • • Zi ■ ■ ■ Zm 

Then we have dim V{l2{Zij^rn)) = i+ j + m + 2 — Nij^rn- 

It will be nice if we can generalize this result to larger matrices of indeterminants. 

4.4. Main Theorem. We can now compute the dimension of the mixed commuting variety Cij^, 
If i = 0, then the answer is obtained from Proposition 14. 1 . ll So we assume that i > 1. 

Theorem 4.4.1. Keep the notations from Remark \4.3.4\ For each i > 1, we have 

dim Cij^m = 2{i + j + m) + 4 - iVj-ij,™- 

Proof. Let first consider the decomposition 

(3) Ci,j,m = G • (fsub) Di—ij rn) U X Ci^ij^m 



where A-i,j,m = C{zsuh n Osub, • • • , ^sub n Osub, ^sub n A/", . . . , z^nh n A/", Zsub, • • • , ^sub)- By Propo- 

^ ' ^ ' . ' 

i—l times j times m times 

sition 14.2. H we can further decompose 

Di-i,j,m = G{ yi U ^2, • ^- , Vi U V2; frub n A/", . ^. , Zsub n AA , Z^ub, • - , ^sub ) 

i—l times j times m times 

= c{ yi,..^., Fi , Zsub n TV", . ^. , Zsub n M^ , Zsuh, ^sub ) u 

i—l times j times m times 

u c{ y2,..^.,V2j Zsub nj\f,..^., Zsub n 7\A , 5sub,-y,^sub ) • 

i—l times j times m times 

Analyzing the commutators of Vi or V2 with Zsub H M and Zgub , we have the following identities 

C{Vu..., Vi,Zsuh n AA, . . . , Z,,b n M, Zsub, . . . , ^sub) = V{I) X i 
i—l times j times m times 

C(V2^^.^2, 5sub n AA, . , zsub n AA , zsub, • • • , ^sub ) = v{J) X A^^+i+^-i 

i—l times j times m times 

where the affine space is from the freeness of yi, . . . jT/j+j+m-i, / and J are respectively 

the ideals generated by 2 x 2 minors of the following matrices 



zi ■ 




Zi ■ 


• • 2i+j-i 


Zi+j 


Zi+j+m—1 


• 





h ■ 




tj+i • 




• 





• 





Xl ■ 




h •• 


• ^i-l 


ti ■■ 


ti+j -I 


ti+j 


ii+j+m—l 


•• 





zi ■ ■ 




Zj + l ■ ■ 


Zj+m 


•• 





•• 





Xl 





Proposition 14.3.31 and Theorem 14.3.51 give us 

dim V{I) = dim V{J) = i + j + m + l- Ni_ij^rn 
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SO that 

dim A-ij,m = 2(z +j + m)- Ni^ij^^- 

Hence we have 

dimG • {vsuh, A-i,j,m) = 4 + dim A-i,i,m = 2{i + j + m) + 4 - Ni-ij^m- 

The remaining is to prove that dimO x Ci-ij^m < 2{i + j + m) + 4 — Ni^ij^m- Indeed, if i = 1, 
then it equals to 2(j + m) + 4 (by Proposition 14. 1 . 1|) which is < 2(1 + j + m) + 4 — Ni^ij^m since 
Ni-i,j,m ^ 2. For I > 1, we have by induction that 

dimCi_ij- „ = 2(i - 1 + j + m) + 4 - Ni.2,j,m < 2{i + j + m) + 2 < 2{i + j + m) + A - A^i-ij,™. 

Finally, we have shown that dimCjj^m = 2(i + j + fn) + 4 — A^i_i.j,m as desired. □ 

Next we show that mixed commuting varieties are usually not irreducible. We start with a 
lemma. 

Lemma 4.4.2. For each i >2, the variety Cj^o.o = Cj(Osub) is reducible of dimension 2r + 2. 

Proof. This is just a corollary of [N| Theorem 7.2.3]. In particular, we have the following irreducible 
decomposition 

Ci,o,o = G ■ {v,^k,Vi, . . . ,Vi) U G ■ iv,^k,V2, . . . ,V2) 
where Vi and V2 are defined in Proposition 14.2. 1[ □ 

Theorem 4.4.3. For each i,j,m > 0, the mixed commuting variety Cij^m is irreducible if and only 
ifi,j,m satisfy one of the following conditions: 

(1) i = j = 0, 

(2) i = m = 0, 

(3) i = 1, j = m = 0. 

Proof. The conditions (1), (2), and (3) in the theorem are equivalent to the cases in which the variety 
Gi,j,m is either Gmish), or Gj{M), or Ogub- It is known that these varieties are irreducible. Indeed, 
the variety Gj{M) is irreducible by Theorem 7.1.2 in [N], and the variety Cm (sis) is irreducible by 
Theorem 4.2.1 in [N] and the fact that CmiQ^'i) is irreducible |KN| |Gu] . From the decomposition 
([3]) in Theorem 14. 4. 1^ we have 

GiJ^m — G ■ (fsub) -^^i— l,j,m) U X Ci—ij^rn 

where G ■ (wsub, = G • {vsuh, Di^ij^m) U {0}. So if i > 1 and j / or m / 0, we always 
have Cij^m is reducible. The case i > 1 and j = m = was proved in the previous lemma. On the 
other hand. Proposition 14.1.1] shows that Cij^m is reducible in the case i = and j,m > 1. □ 

Remark 4.4.4. This result also indicates that mixed commuting varieties are rarely normal as 
all irreducible components contain the origin. In other words, if a mixed commuting variety is 
reducible, it is not normal. This behavor is analogous with that of mixed commuting varieties over 
and it nullcone in [Nl Proposition 6.1.1]. 

5. Applications to support varieties for Frobenius kernels 

5.1. Support varieties. Let G be a simple algebraic group defined over k (we assume that p > 3 
in this section). For each r > 1, let 

U'iGr,k) = ^B\Gr,k) , R^'{Gr,k) = ^R^\Gr,k). 

i>0 i>0 

Under the cup product, R'^'{Gr,k) is a commutative ring. Given a finite dimensional G-module 
M, we consider Ext^ (M, M) a H^'(Gr, /c)-module with the action induced by the cup product. 
Then the support variety of M, denoted by Vg^{M), is the annihilator of Ext^^ (M,M) in the 
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ring H'^'{Gr,k). Note that Vc,.{f^) = Spec H^'(Gr, A:)red = CriM) when the characteristic p is big 
enough [SFBl]. 

Let A is a weight in X and set 

^A,p = {/3e^ I (A + p,/3^) GpZ}. 

Suppose that the prime p is good for G. We recaU that A is called p-regular if <I>A,p = 0, otherwise 
it's called p-singular. The following result classifies the behaviors of support varieties for L{X) up 
to its regularity in the case of simple algebraic groups of rank 2. 

Proposition 5.1.1. |NPV1 Corollary 6.6.1] Let G he a simple algebraic group of rank 2 andp good. 

(a) If X is a p- singular weight, then Vg^(L(A)) = Osub- 

(b) If X is a p-regular weight, then Vgi{L{X)) = Vciik) = M . 

Proposition 5.1.2. [So> Theorem 3.2] Let G he a classical simple algebraic group. Suppose that 
p > Let X be a weight with A = Aq + pXi + • • • + p'^Xq, Xi £ Xi{T). Then for each r > 1, we 
have 

VgALW) = m, . . • ,/3r-l) G Cr{M) I A G VGAL{Xr-i-l))}. 

Now suppose that G is of type A2 and p > 7 (i.e., p > he). Let A be a weight such that 
A = Ao +pXi + • • • +p'^Xq with Aj G Xi (T). Let ax, bx be the number of singular weights and regular 
weights respectively in {Ai, . . . , A^}. Then by the propositions above, we have for each r > 1 



dim VgALW) 



VgAH^)) = C(Osub, . . . , aub,AA, ...,M) = G 



ax times bx times 

This is a special case of mixed commuting varieties appearing in previous sections. Hence we know 
the dimensional and irreducible behaviors of the support variety Vg,.{L{X)). 

Theorem 5.1.3. Let G he of type A2 and p > 6. Suppose X is a weight in X . Then for each 
r > 1, the support variety Vg,.{L{X)) can be identified with the mixed commuting variety Gax,bx,o- 
Furthermore, 

'26a + 4 ifax = 0, 

2{ax + bx) + 3 ifax = l, 
[2(aA + 6A) + 2 ifax>l. 

Theorem 5.1.4. Under the same assumption as in the previous theorem, for each r > 2, the support 
variety Vg^(L(A)) is irreducible if and only if ax = 0. In other words, Vg,.{L{X)) is irreducible if 
and only if there is no singular weight in the decomposition of X. 

Proof. It immediately follows from Theorem 14.4.31 □ 
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